Section 8-1

Sequences



Objectives for 8-1

to find the first four terms of a defined sequence
to determine whether a sequence 1s arithmetic
to specify a sequence recursively

to specify a sequence explicitly



Sequences

terms: the numbers 1n a sequence
finite sequences: a sequence with a last term
infinite sequence: a sequence with no last term

arithmetic sequence (progression): a sequence of numbers
with a common difference (d=a,, ., —a,)

recursive rule: states the value of the first term (a,), and
states the relationship between any subsequent term (a, . )
and the term(s) before it (a,) in the sequence

— If the first term in an arithmetic sequence i1s a,, and d 1s
the common difference, thena_,,=a_ + d.

explicit rule: gives the value of any term in the sequence
(a,) based on its position in the sequence (n)

— If the first term in an arithmetic sequence i1s a,, and d 1s
the common difference, thena, =a, + (n — 1)d.



Example for 1-12

a,=8—3n

a,=8-3(1)=5
a,=8-3(2)=2
a;,=8—-3(3)=-1
a,=8-3(4)=-4

2-5=-3

1-2=-3
4—(-1)=-3

5,2,-1,-4; arithmeticd=-3



Example for 13-18

7, 14, 28, 56, ...

a,=7,a ,,=2a,



Example for 19-24

a, ar, ar?, ar, ...

Notice that:
a, =ar!
a, = ar!
a, = ar’
a, = ar’
so that every term has both a factor (a) and a factor
(r), and that the exponent of the factor (r) 1s always
one less than the position of the term (n) in the
sequence. Since an explicit description of the
sequence describes any term based on its position
we have discovered the rule.
a =ar"-1



Example for 25-27

1,4,9, 16,25, ...
Notice that: Notice that:
a, =12 dy —aAy =
a, = 22 dy —ady) =
d; = 32 dy —dy — 7
ay = 42 . ds —dy —
a, =5 the difference between

every term 1s a perfect
square and that the base is
equal to the position of the
term 1n the sequence;
therefore, the explicit rule 1s
a_ = n?
. :

consecutive terms creates a
sequence of odd numbers
beginning with 3; therefore,
the recursive rule 1s
a,=1l,a ,,=a +2n+1.



Section 8-2

Arithmetic Sequences and Arithmetic
Means



Objectives for 8-2

to find the missing value in a defined arithmetic sequence
to insert a given number of arithmetic means

to find the first term and the common difference of an
arithmetic sequence given two terms



Arithmetic Sequences and Arithmetic Means

I the first term 1n the sequence 1s a,, and d 1s the common
difference, thena =a, + (n— 1)d.

arithmetic means: the terms between two given terms in
an arithmetic sequence

average: a single arithmetic means



Example for 1-8

3,53, 103, ..., a;
a;s =3+ (15— 1)(50)
a,s =3+ (14)(50)
a, =3+ 700

a5 =703



Example for 9-18
a,=11,a,5=95,d=7?
95=11+(15-1)d
95=11+ 14d

84 = 14d

=)
|
=



Example for 21-26

five between — 5 and 37

_59 ’ ’ ’ ) ,37

37=-5+(7-1)d
37=—5+6d

42 = 6d

|
o

7

-5,2,9,16, 23, 30, 37



Example for 27-32
a,=3,a,=—15
—15 =a,+(16-1)d
3 =a +(7-1)d
— 15 =a, +15d
3 =a,+6d

— 18 =9d



Example for 33-36
as = 18,a,,=0,a="

6=a,+(10-1)d
18=a,+(6—-1)d

6=a, +9d
18=a, +5d

—12=4d
-3=d
18=a,— 15
33 =a,
a,=33+9-1)(-3)

ag=9



Example for 37-42

The first two terms of an arithmetic sequence are x + 2 and 3x — 2,
and the sixth term 1s 5x.

d=3x-2-(x+2)=2x—-4
S5x=(x+2)+(6-1)2x—-4)
S5x=(x+2)+52x—-4)
Sx=x+2+10x—-20
S5x=11x—-18
18 = 6x

3=x



Section 8-3

Arithmetic Series



Objectives for 8-3

to find the sum of an arithmetic series
to write an arithmetic series in summation notation

to find values from an arithmetic series given information
about 1ts sum



Arithmetic Series

* series: the sum of the terms of a sequence

* (@Gi1ven any sequence a,, a,, a,, ... with n or more terms, the
associated series of n terms, S, 1S
S,=a,+ta,ta; +..+a,

« summation notation: If1 is the lower bound of the
replacement set of a series, u 1s the upper bound of the
replacement set of a series, n is the index and the sequence
the series 1s based upon can be described explicitly by a,,
then the set of n 1s the range of the summation and the
series when written in summation notation takes the form

u
2.ap

n=I



Arithmetic Series

* If'S  1s the sum of the first n terms of an arithmetic
sequence whose first term 1s a,, whose common difference
is d, and whose nth term 1s a_, then

Sh :g(al +an)

S, = 2[2211 +(n—1)d]



Example for 1-8

a,=-7,a,5=29,n=15

Sn :g(al +an)

S5 =155(—7+29)

15
S15 =3(22)

S5 =165



Example for 9-20

11
>9-4
1=2

n=10
a,=9-4(2)=1

Sn :g(al +an)

Sy = (1-35)

S =—170



Example for 21-26
1+8+15+22
a, =a;+(n-1)d
a, =1+(n-1)(7)

a,=7n-6

4
> Tn—-6

n=1



Example for 27-32

a,=59,S,=324,a, =2

Sh :g(al +an)

324 = %(a1 +59)

324 =6(a; +59)
54 = a; + 59

—528,1



Example for 33-34
100 +95+90+ ...+ 10

a, = 100
d=-5
a, =a;+(n-1)d
10=100+(n—-1)(-5)
~90=(n-1)-5)
18=n-1
19=n
S, = g[Zal + (n — l)d]

Sig = %[2(100)+ (19-1)-5)]

S9 =1045



Section 8-4

Geometric Sequences



Objectives for 8-4

to find the first four terms of a geometric sequence given
its first terms and 1ts common ratio

to find a specified term in a geometric sequence

to determine whether a sequence 1s arithmetic or geometric



Geometric Sequences

geometric sequence (progression): any sequence in which
each term after the first 1s the product of the preceding
dn+1 )

term and a fixed number, common ratio (r =
n

recursive rule for a geometric sequence: a_, ;= (a, )(r)
explicit rule for a geometric sequence whose first term 1s a,
and whose common ratio 1S a nonzero number 1 1S

a, =ar



Compound Interest

« compound interest 1s a geometric progression defined by
r nt
the formula A = P(l + ) where A 1s the amount at the
n
end of the term, P 1s the principal investment, r 1s the

interest rate and n 1s the number of times per year that

interest 1s compounded.



Exponential Formulas

* Compound Interest
r nt
A= P(l + j
n

— (A)mount $ coming out of the account at the maturity
date of the investment

— (P)rincipal $ put into account at the beginning of the
investment period

— (r)ate of annual interest
— (n)umber of times 1n a year the interest 1s calculated

— (t)ime the investment takes to mature



Exponential Formulas

* Compound Depreciation

r nt
A:P@_j
n

— (A)mount $ coming out of the account at the maturity
date of the investment

— (P)rincipal $ put into account at the beginning of the
investment period

— (r)ate of annual interest
— (n)umber of times 1n a year the interest 1s calculated

— (t)ime the investment takes to mature



Exponential Formulas

* Monthly Loan Payments & Total Cost of a Loan

_ r i
1—(1+j
n

I
n

Payment = P +

— (P)rincipal $ put into account at the beginning of the
investment period

— (r)ate of annual interest
— (n)umber of times 1n a year the interest 1s calculated
— (t)ime the investment takes to mature

* The cost of a loan 1s the product of the monthly payment,
the number of times 1n a year the interest 1s calculated and
the total time of the loan



Example for Compound Interest

$1000 is invested at 12% interest compounded quarterly.
Determine how much the investment 1s worth after 3 years.

A= P(l N fjm A = what we are asked to find
n P =1000
r=.12
n=4
t=3
4)3
A:1000(1+'142j( )

A =1000(1.03)"
A = $1425.76



Example for Compound Depreciation

The value of a new $12,500 automobile decreases 20% per
year. Find its value after 3 years.

nt A = what we are asked to find
r
A=P(1—nj P = 12,500
r=.20
n=1
t=3
(1)(3)
A = 12500(1 — 210j

A =12500(8)
A = $6400



Example for Monthly Payments & Total Cost of a Loan

You get a 10 year student loan at 8% to pay for $20,000 of your college
tuition that is not covered by any grants,scholarships or your parents.
How much is your monthly payment going to be and what will be the
ultimate cost of your $20,000 of tuition?

1—(1+'1028j_(12)(10)_

08
12

Payment = 20000 +

payment = $242.66 cost = $29,118.62

The majority of your first 37.58 (3+ years of) payments will
oo towards paying the $9,118.66 in interest off and not the
$20,000 principal that you borrowed.



Example for Monthly Payments & Total Cost of a Loan

You get a 30 year fixed mortgage at 8% to pay for a $150,000 home.
How much 1s your monthly payment going to be and what will be the
ultimate cost of your $150,000 home?

1+12

08
12

1_( °08j_(12)(30)_

Payment =150000 -+

payment = $1100.65 cost = $396,234

The majority of your first 223.72 (18+ years of) payments
will go towards paying the $246,234 in interest off and
not the $150,000 principal that you borrowed.



rorthly payment ()

1200

1000

200 -

GO0 -

00 -

200 -

Your payment over the years

10 14 20 25 A0
Y ear

M Frincipal
M Interest



Your annual schedule of payments

Month| Monthly Remaining | Principal | Interest | Cumulative
payment | amount owed paid paid interest paid

1 $1,100 $1459 55959 100 | B ,000 $ 1,000
2 $1,100 B149 7595 B107 il h1 555
3 $1,100 $149 B5b B107 $=E5 b2 Doy
4 $1,100 B149 553 b102 ok b3 HE5
a $1.100 $145 450 b103 b= b D
b $1.100 $1459 305 $104 il b5 Dol
fi $1.100 $149 251 $104 $EE5 bb 255
o $1.100 $149 175 P105 $EE5 =
= $1.100 $149 [R5 P 106 $oEd b 275
10 $1.100 $145 HR P 106 $oEa bH SRt
11 $1.100 $145 555 107 $oEa B10 962
12 $1.100 $145 746 p105 b $11 954




Your annual schedule of payments

Month] Monthly Remaining | Principal | Interest | Cumulative

payment | amount owed paid paid interest paid
344 h1, 100 $11 b3k 1016 b4 b5 JB
0[] H1,100 P10 613 b1 023 o Tl b5 5N
G.a) w1, 100 il b1 025 b0 b245 310
L H1, 100 b Ddb B1 056 ol b5 574
353 B1,100 b7 A3 $1,043 bk b2k 0371
104 h1, 100 b A5 B1 050 il b2k 051
395 H1,100 b5 3594 B1.057 b3 b2ab 124
0k w1, 100 b4 330 b1 b4 b35 b6 160
a7 H1, 100 b3 200 B1.077 b0 b2k 155
350 B1,100 b2 17 B1.,075 b2 bldb 21
Lo h1, 100 B 093 h1 0ok $14 bldb LA
3kl H1,100 ol B1 0593 b7 bldb 2




Example for 1-6

a, =3, r=-13

3,-9,27,-81



Example for 7-12

|
aj :—§,r:—3,a5 =9



Example for 13-20



Example for 21-26

41 41 _1
42, 12, 29'"98'6
9 3 1
——,——,——,...,36
22 2
3 (_ 9) _3 _ 1 (_ 3 j _1 hocommon difference; therefore,
2 2 2 2 1t 18 not arithmetic
_2_ - _2_ - common ratio; therefore,
—g 3 —3 3 it is geometric
a, =a;r’



Section 8-5

Geometric Means



Objectives for 8-5

 to find the common ration of a geometric sequence
 to insert a given umber of geometric means

 to find the specified value from a geometric sequence



Geometric Means

* geometric means: the terms between two given terms in a
geometric sequence

 asingle geometric mean inserted between two numbers is
called the geometric mean or the mean proportional

— 1f both numbers, a and b, are positive then the mean
proportional 1s considered to be /ab

— 1f both numbers, a and b, are negative then the mean
proportional is considered to be —+/ab



Example for 1-6
a] = —2,8,4 =250

a, =a;r’!
250 = (- 2)c*!

—125=1>

r=-5



Example for 7-12

az =—2,ag =54

a, =a;r’!

54 = alr5

—2= alr2

54 = 217
—27:r3
—3=r

-2
—=a,



Example for 13-20

three between — ? and — 27

25
_2 27
3’ 25
a, =a;r’]
_27_ _25jr4
25 3
(22
25 25
4
3—=r4 iézr
5 5
255 4,9 27 25 o 4 9 27
3 2% 959 25 3 b b 9 59 25



Example for 21-26

dg = 250,88 = 6250,8,3 =7

_ alrn—l

an
_ 7
6250 = a;r

250 = a1r5

250

1'5
6250 = 25012
25 = r2
+5=r

250

5

6250 = (
r

1‘5 !

250 ) 250 .,

$ 7 (s
Sl 15 2) _,,

s ()
2 2
25 To5

a, =a;r!
) 2



Section 8-6

Geometric Series



Objectives for 8-6

 to find the sum of a finite geometric series

 to find a specified value from a geometric series if given
information about its sum



Geometric Series

« IfS isthe sum of the first n terms of a geometric sequence
whose first term 1s a,, whose common ratio 1s r, and whose
n'" term is a,, then

n
a;—ajr
S, =L L rx]
l-r
a;—ra
S, =10 px]




Example for 1-6
aj=Lr=-3,n=6

n
ar —air
Sp =11

|




Example for 7-18

311 —1
3
=8,ay =8 6,1 =
? (4)

-lklw




Example for 19-28
a1 =4,r=3,5, =484,n="

Sn




Section 8-7

Limit of a Sequence



Objectives for 8-7

* to find the limit of a sequence

 to calculate the error of approximation and to write 1ts
general formula



Limit of a Sequence

limit: a value that an expression approaches but never

equals written as [im la, |=L and read as “ the limit of
n—oo

an as n increases without bound 1s L’

error of approximation: the absolute value of the
difference between a given limit and the actual value of the
sequence

convergent sequence: an infinite sequence with a limit

An infinite sequence has a limit L if you make the error of
approximation, |L - a |, less than any positive number,
however small, by choosing n great enough.



Limit of a Sequence

nondecreasing sequence: any sequence in which each term
1s less than or equal to the following term

nonincreasing sequence: any sequence in which each term
1s greater than or equal to the following term

bounded sequence: there exists a number that equals or
exceeds the absolute value of every term of a sequence

Axiom of Completeness: Every bounded, nondecreasing
(or nonincreasing) sequence of real numbers converges,
and 1ts limit 1s a real number.

divergent sequence: an infinite sequence that does not
have a limit



Example for 1-6

As n goes to infinity the fraction %becomes infinitely small

and approaches 0; therefore, the value of a, approaches 5.



Example for 7-12
an:6n2+1;
2n” -1
7,25’55,97
7 17 31
L-a)=3-7=4

L=3

L-az[=3-75=




Example for 13-18

4
2n?-1

2
L — — 3_61’1 +1
‘ an‘ ‘ 02

4 1
<

on% -1 10
40 < 2n? -1

41<2n?

Hon?
2

41
—<n
2

4.5<n

Because n is a position it must be an integer; therefore n =35, fg



Section 8-

Infinite Geometric Series



Objectives for 8-8

to find the sum of infinite geometric series

to find a specified value from an infinite geometric series
given its sum

to rewrite a non-terminating repeating decimal as an
infinite geometric series and then calculating the limit of
the series to find the fractional form of the decimal



Infinite Geometric Series
In general, for any infinite series a, +a, +a,+...+a_ + ..,

n
S, = 2.a; 1s called a partial sum.
1=1

If the sequence S, S,, S;, ..., S, ... of partial sums
converges and if lim S, =S, then the sum of the infinite
n—o0

series 1s defined to be S.

o0
This means that >.ax =S converges; otherwise, the series
k=1

of partial sums diverges and the sum is undefined.



Infinite Geometric Series

 The infinite geometric series a, + a,r + a,r*> + ...converges

and has the sum S = {i if [r] < 1. If a, =0, then the
—r

series converges and has the sum 0. If || > 1 and a, # 0,

then the series diverges.



Example for 1-10

250-50+10- ...
aq =250,I‘=—%,—% <1

The series converges.



Example for 11-14

© 1/(6 n—1
2 ls)
21005

The series diverges and the sum is undefined.



Example for 15-20

r=—>,8=9,a, =7
6



Example for 21-28

036
O.%:36+ 36 + 36 F..
100 10000 1000000
36 9 1
a1: = ,I‘:—
100 25 100
9
_ 25
S = _ 1

100
(5 o)
25\ 99

5= 4
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