Section 15-1

Fundamental Identities



Objectives for Section 15-1

* to write an equivalent trigonometric expression using only
a single function



Reciprocal Identities

SIN O, =
csC ol

COSO =
SCC AL

cota

tano =<
SIn O

LCOS L

sinocsco, =1

cosoaseca =1

tano.coto =1

SCCA =

cotor = <




Cofunction Identities

sin @ = cos (90° - 0) cos 0 =sin (90° - 0)
tan 6 = cot (90° - O) cot @ = tan (90° - 0)
sec B =csc (90° - 6) csc B =sec (90° - O)



Pythagorean Identities

sin?a + cos?a =1
1 + tan?0a = sec?d

1 + cot?a = csc2a



General Strategies for Proving Identities

Simplify the more complicated side of the 1dentity until 1t
1s 1dentical to the other side.

Transform both sides of the identity into the same
expression.



Special Strategies for Proving Identities

Express functions in terms of sines and cosines.

Look for expressions to which the Pythagorean identities
can be applied.

Use factoring.

Combine terms on each side of the identity into a single
fraction.

Multiply one side of the equation by an expression equal to
one.



Examples for 1-32

tan A sec A

(sinaj( 1 j
cosa /\ cosa

S1n Ot

COS2 (04

S1n O

5 ;cosoc;tO;sinzoc;tl
l-sin” a



Section 15-2

Proving Identities



Objectives for Section 15-2

* to prove trigonometric identities



General Strategies for Proving Identities

Simplify the more complicated side of the 1dentity until 1t
1s 1dentical to the other side.

Transform both sides of the identity into the same
expression.



Special Strategies for Proving Identities

Express functions in terms of sines and cosines.

Look for expressions to which the Pythagorean identities
can be applied.

Use factoring.

Combine terms on each side of the identity into a single
fraction.

Multiply one side of the equation by an expression equal to
one.



Examples for 1-28

cot 0 +tan A = 2 csc 20

e
SIn 20

snacora)
21N 0L.CcoSs o

1
S1N OL COS O

sin2 o+ cos2 o

SIN OL COS O

sinzoc N coszoc

SINOLCOSOL, SINOLCOS QL

SINOL COSO
_|_

cosol SIno

cotd + tan



Section 15-3

The Cosine of a Sum or Difference



Objectives for Section 15-3

to recognize the formulas for cosine angle sums and
differences 1n order to find the exact value of a trig
function

to use cosine sums and differences to find the exact value
of non-pattern angles

to express non-pattern angles as a cosine of a sum or
difference in both degrees and radians

to use cosine sum and difference formulas to simplify trig
statements

to find the cosine sums and differences of two angles when
given one of their trig function values



Addition Formulas for Cosine

« cos(a+PB)=cosacosf-smndsinfl
 cos(O-B)=cosacos}+smndsinf



Example for 1-8

cos 175°c0s25° + sinl175°sin25°

cos (175° —25°)

cos 150°

V3

2



Examples for 9-20

cos 105°
cos (60° + 45°)

cos 60° cos 45° — sin 60° sin 45°

HEAGE

J2 -6
4




Examples for 21-28

c:os(Tc + 9) + c:os(7t — 6) =cos0
3 3

TC LT TC LT
cosgcose—smgsme+cosgcose+sm§sm€)=

2cosgcos9:

2(1) cosO =
2

cos 0=



Examples for 29-36

sinoc:—é;rc<oc<3—7t cosB:§;3—n<ﬁ<2n
5 2 17 2
4 15
coso=——;smp=——
5 17
4\ 8 3y 15
cosla+B)=|—— | —|—-|—=|| ——
com=(-5 7 5,



Section 15-4

The Sine and Tangent of a Sum or
Difference



Objectives for Section 15-4

to recognize the formulas for sine and tangent angle sums
and differences in order to find the exact value of a trig
function

to use sine and tangent sums and differences to find the
exact value of non-pattern angles

to express non-pattern angles as a sine and tangent of a
sum or difference in both degrees and radians

to use sine and tangent sum and difference formulas to
simplify trig statements

to find the sine and tangent sums and differences of two
angles when given one of their trig function values



Addition Formulas for Sine and Tangent

sin (0 + ) =sin A cos 3 + cos A sin f3
sin (O - B) =sin A cos B - cos A sin 3

tan o + tan
tan(o +3) = b

l-tanatanf3

tan o — tan 3
tan(o —B) =

- 1+ tano tan 3



Example for 1-10

sin70°cos170° + cos70°sin170°

sin(70° + 170°)

sin(240°)

V3

2



Example for 11-26, 39-46
sin165°
sin(120° + 45°)
sin120°c0s45° + cos120°s1n45°
SIERSIES
2 N\ 2 2N 2

J6 -2
4




Example for 27-38
sin(7t + 9) =cosH
2

T T .
smzcose+coszsmG

(1)(cos 0) + (0)(sin 0)

cos O



Example for 47-54

sinoc:—é;rc<oc<3—7c COSﬁ=§;3—n<B<2TC
5 2 17 2

4 15
S 17

o (350

Sin((x + B) - Zg



Section 15-5

Double-Angle and Half-Angle
Formulas



Objectives for Section 15-5

* to find the exact values of the double and half angle values
for angles given information about their quadrant and the
value of one of their trigonometric functions

 to find the exact value of and angle by writing it as either
half or double of a pattern angle

 to use half and double angle formulas to prove
trigonometric 1dentities



Double-Angle Formulas for Sine, Cosine and Tangent

sin 20 = 2sin O cos O
cos 20 = cos? O - sin*d
cos 200 = 1 — 2sin%a
cos 20 = 2cos?d - 1

2tan o

l—tan2 ol

tan 2o =



Half-Angle Formulas for Sine, Cosine and Tangent

Sin(%:i\/l—COSG
2
Cosezi\/1+0089
2 2
tanGZi\/l—COSG

2 1+cosO

0 sin O
tan — =

2 14+cos0O

O 1-cosO
tan — =

sin 0



Example for 1-6

[II;sin o = 3
5

CosOL = —
sin 20 = 2sin O cos O

{3

24
25



Example for 7-14

2 25

II;sinoa = =

J5 05

cos 20 = 1 — 2sin?d

2
cos2o=1— 2(2j



Example for 15-26

sin 22.5°

sin 22.5° = sin% — +

2




Example for 27-32

7

cosoc:—§,90° <m(a)<180°
Sinﬁzi\/l—cose COSGZi\/1+COSG
2 2 o 2)

.0 \/1
5 COSE_

\O\]
D
Q‘
[G—
_|_
I
NoIEN
N —1



Section 15-6

More on Identities



Objectives for Section 15-6

 to use all of the formulas presented to date to solve
trigonometric identities



Reciprocal Identities

SIN O, =
csC ol

COSO =
SCC AL

cota

tano =<
SIn O

LCOS L

sinocsco, =1

cosoaseca =1

tano.coto =1

SCCA =

cotor = <




Cofunction Identities

sin @ = cos (90° - 0) cos 0 =sin (90° - 0)
tan 6 = cot (90° - O) cot @ = tan (90° - 0)
sec B =csc (90° - 6) csc B =sec (90° - O)



Opposite Identities
 sin(-Xx)=-sInXx
* cos(-X)=cosXx

* tan (- x)=-tan X



Pythagorean Identities

sin?a + cos?a =1
1 + tan?0a = sec?d

1 + cot?a = csc2a



Addition and Subtraction Formulas

cos (0 + ) =cos a cos B3 - sin O sin 3
cos (0 -PB)=cos a cos 3+ sin A sin 3
sin (0 + ) =sin A cos 3 + cos A sin 3

sin (O - B) =sin A cos B - cos A sin 3

tan o + tan
tan(o +3) = b

l-tanatanf3

tan o — tan 3
tan(o —B) =

- l+tanatanf3



Double-Angle Formulas

sin 20 = 2sin O cos O
cos 20 = cos? A - sin*d
cos 200 = 1 — 2sin%a
cos 20 = 2cos?d - 1

2tan o

l—tan2 ol

tan 2o =



Half-Angle Formulas

Sin():i\/l—COSG
2

2
Cosezi\/1+0089
2 2
taHGZi\/l—COSG

2 1+cosO

0 sin 0
tan — =

2 14+cos0O

O 1-cosO
tan — =

sin 0



Section 15-7

The Law of Cosines



Objectives for 15-7

to find missing lengths in a triangle using the law of
cosines

to find the measure of missing angles in a triangle using
the law of cosines

to solve triangles for all missing angles and sides using the
law of cosines



Law of Cosines

*

If O is an angle in standard position P (r cos 6, r sin 0)

and P 1s a pmqt on its terminal side, o 5
then the coordinates of P are \
>—>

(r cos 9, r sin 8) where r = OP.

O

In any triangle ABC,
02 = a2 +b2 —2abcosC
b2 = a2 +c2 —2accosB

a2 :b2 +c2 —2bc cos A




Examples for 1-16

a=6,b=7,0C=20°c="?
c? =a® +b? —2abcosC
¢ =6 +77% = 2(6)(7)(cos20)
c2 =36 + 49 — (84)(0.9397)

¢’ = 6.0652

c=+6.0652 =2.46



Section 15-8

The Law of Sines



Objectives for Section 15-8

* to solve triangles for all missing sides and angles using
both the law of cosines and the law of sines

 to find the area of a triangle using trigonometry



Law of Sines

In any triangle ABC,
sinA smnB sinC
a b C

A
b




Solving General Triangles

From geometry we know that triangle congruence can be
proven with SSS, SAS, ASA, AAS but not with SSA.

SSS, SAS, ASA, and AAS all give a single solution to a
triangle.

We use the following laws to solve each pattern:
— SSS: Law of Cosines

— SAS: Law of Cosines

— ASA: Law of Sines

— AAS: Law of Sines

SSA 1s called the ambiguous case because it results 1n six
possible solutions to the triangle: four if the given angle 1s
acute and two 1f the given angle 1s right or obtuse.

We use Law of Sines to solve the SSA pattern.



Areas of Triangles

The area K of a triangle ABC is given by:

A
C
bo K
C a B
1 . 1 . 1 :
K=—-bcsinA K=—-acsinB K=—-absinC
2 2 2
K:laz smBsmC K:lb2 smésmC K:lcz smAsmB
2 sin A 2 sin B 2 sin C

K =.s(s—a)s—b)s—c), wheres = %(a+b+c)



Examples for 1-10

150°

A 13

SAS i1s solved first with Law of Cosines

b? =82 +13% —(2)(8)13)(cos150) sinC = (132)503'5 ) 03202

b=20.3
| | | o A — (8)(0.5)
sml150 smnC _ sin A 20.3

20.3 13 8

=0.1970

UC =18.7°, UA =11.3°



Examples for 1-10
a=14, JA=25°,1UB=75°b="?

sinA sinB
a b

sin25 sm’75
14 b

0.4226 0.9659
14 b

b (0.9659)(14)
0.4226

=32.0



Examples for 11-16

LA =25° 1B =150°b=30

K - le sml.AxsmC
2 sin B

JC=105°

K - 1(30)2 (sin 25. )(sin105°)
2 sin 50°

K =240
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